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Abstract
By topological lacet we mean the embedding, with self-intersections, of a closed curve in
a 2-manifold, such that (1) all self-intersections are simple double points at which the curve
crosses itself, and (2) the complement of the curve in the 2-manifold is a 2-colorable family of
discs. Such embeddings are characterized, up to homotopy, by a combinatorial lacet, that is, by a
double occurrence word  on an alphabet P and a bipartition (K; L) of the set P, P representing
the set of self-intersections of the curve,  their sequence in one complete run along the curve,
and K; L the two types of reentry possible at a crossing. Passing by the construction of a map
associated to the lacet, we show that every combinatorial lacet is representable on a 2-manifold.
Beginning with a problem on curves in the plane posed and partially solved by Gauss (1840),
and introducing certain linear transformations of vector spaces over GF(2), depending on  and
(K; L), Rosenstiehl [C. R. Acad. Sci. Paris Ser. A 283 (1976) 551] and Lins et al. [Aequationes
Math. 33 (1987) 81] characterized combinatorial lacets representable in the Euclidean plane and
projective plane, respectively, by a simple property of the enlacement graph of pairs of letters
in . We prove here that a characterisation of the same sort extends naturally to the case of
arbitrary 2-manifolds. In particular, we present procedures for determining if a combinatorial
lacet is representable on the torus, or on the Klein bottle. c© 2001 Elsevier Science B.V. All
rights reserved.
R	esum	e
Par lacet topologique on entend le plongement avec auto-intersections d’une courbe ferm@ee
dans une 2-vari@et@e tel que (i) les intersections ne sont que des points doubles oAu la courbe
se traverse; (ii) le compl@ementaire de la courbe dans la 2-vari@et@e est une famille bicolorable
de disques. De tels plongements se trouvent caract@eris@es, Aa une homotopie prAes, par un lacet
combinatoire, Aa savoir la donn@ee d’un mot  Aa doubles occurrences sur un alphabet P et un
couple (K; L) de parties compl@ementaires de P, P repr@esentant l’ensemble des auto-intersections
de la courbe,  l’ordre des occurrences de ces intersections dans un parcours complet de la
courbe, et (K; L) les deux types de franchissement aux croisements. En passant par la construction
d’une carte associ@ee au lacet, il est prouv@e que chaque lacet combinatoire est repr@esentable dans
une 2-vari@et@e. Partant d’un problAeme de courbes du plan pos@e et partiellement r@esolu par Gauss
(1840), et introduisant des transformations d’espaces vectoriels sur GF(2) construits sur  et
(K; L), Rosenstiehl [C. R. Acad. Sci. Paris ser. A 283 (1976) 551] et Lins et al. [Aequationes
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Math. 33 (1987) 81]) ont caract@eris@e les lacets combinatoires repr@esentables dans le plan euclidien
et le plan projectif respectivement, par une simple propri@et@e du graphe d’entrelacement des
@el@ements de P dans . Il est prouv@e qu’une caract@erisation de meˆme nature s’@etend naturellement
au cas d’une 2-vari@et@e arbitraire; en particulier on pr@esente deux proc@edures pour d@eterminer si
un lacet combinatoire est repr@esentable dans le tore, ou dans la bouteille de Klein. c© 2001
Elsevier Science B.V. All rights reserved.
1. Introduction
Let V be a two-dimensional manifold (closed, with zero boundary). We deKne a
topological lacet L on V to be an oriented closed curve L on V that intersects
itself at a Knite number, say n, of transversal double points, such that every connected
component of the complementary set V\L is isomorphic to an open disc, and such
that this set of components is two-colorable.
Say the double points of a lacet occur in the cyclic order  = (p1; : : : ; p2n) along
the curve, each self-crossing p being equal to pi for exactly two indices i. We call 
the double occurrence word of the lacet L. The property of two-colorability, essential
in the present context, can be seen in Fig. 1. Two closed curves, both with crossing
sequence given by the double occurrence word (123123), are drawn on topologically
distinct manifolds. The curve shown on the left is drawn on a projective plane (opposite
edges of the square are glued so that the indicated orientations match). Each residual
region is an open disc, but the collection of discs is not two-colorable, and the curve is
not a topological lacet in the sense of the present article. The curve shown in the middle
and on the right is drawn on a torus, and is a lacet. The residual regions are two-colored
white and gray, on the right, where we show how a graph G can be drawn with gray
regions as vertices, and crossings of the lacet as edges (shown in white): it has two
edges (1 and 2) joining vertices a and c, and a loop 3 at vertex c. Thus, embedded on
the torus, this graph has a single face b. We show the dual graph G∗ in black: it has a
single vertex b, three edges 1; 2; 3, all of which are loops, and two faces a and c. The
two-coloring of the complement of the lacet permits us to distinguish between two types
of crossings. At crossings 1 and 2, the outgoing segments of the lacet contain a gray
region, and a vertex of G. At crossing 3, the outgoing segments of the lacet contain a
white region, and a face of G. (We shall say that crossings 1 and 2 are of ‘type K’,
while crossing 3 is of ‘type L’.) This distinction, which is independent of the overall
orientation of the lacet, will be essential in what follows. Together with the crossing
sequence , the bipartition (K; L) of the set of crossings provides enough combinatorial
information to construct the manifold in question. We shall call the structure (; (K; L))
a ‘combinatorial lacet’. A major objective of this article is to construct a three-way
bijective correspondence between combinatorial lacets, topological lacets on manifolds,
and a certain family of combinatorial maps.
Given a double occurrence word  on a set P, two letters p, q in P are enlaced if
and only if the two occurrences of p separate the two occurrences of q in . Let Op
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Fig. 1. Curves with crossing sequence (123123) on distinct manifolds.
denote the set of letters enlaced with p. The parity (even, odd) of a letter p is the
parity of |Op|, the cardinality of the set Op, while the parity of a pair pq of letters
is the parity of |Op ∩Oq|, the cardinality of the set of letters interlaced with both p
and q. The enlacement graph () of a double occurrence word  has a vertex for
each letter, and an edge for each enlaced pair of letters.
Gauss [2] observed that if a double occurrence word is representable as the self-
crossing sequence of a lacet in the Euclidean plane, then all crossings are even, but
that this condition is not suPcient. Lovasz and Marx [4] showed that all non-enlaced
pairs must also be even. Rosenstiehl [5,6] completed the characterization of double
occurrence words for lacets in the plane by showing that the set of even enlaced pairs
is the coboundary of a set of vertices in the enlacement graph.
Lins et al. [3] showed that double occurrence words representable by lacets in the
projective plane are characterized by three properties in close analogy with those for
the Euclidean plane. In recent work [7], Rosenstiehl gave a new and shorter proof
of the characterization of double occurrence words for lacets in the plane, based on
the concept of a map embedded on a manifold, and fully exploiting the linear alge-
braic methods developed in [3]. We now use the approach developed in [7] to study
the representation of double occurrence words by lacets on arbitrary 2-dimensional
manifolds.
In Section 2, we deKne the ‘diagonals’ of a combinatorial map, and the notion
of a ‘combinatorial lacet’, consisting of a double occurrence word on an alphabet P,
together with a bipartition of the set P. We construct a bijection between combinatorial
lacets and combinatorial maps with connected diagonal. In Section 3, we show how a
combinatorial lacet determines a speciKc manifold, and establish a bijection between
combinatorial lacets and topological lacets on a manifold. In Section 4, we show that
the Krst homology space (dimension ) of a diagonally connected combinatorial map
is isomorphic to the space C ∩C∗ of its ‘bicycles’, where C and C∗ are the spaces of
cycles and cocycles, respectively, of the map. In Section 5, we introduce the matrices
k and l of principal cycles and principal cocycles of a combinatorial lacet, with their
corresponding linear transformations. We show that Im kl has rank equal to . In
Section 6, using the enlacement graph only, we characterize double occurrence words
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representable as crossing sequences of lacets on manifolds of given Euler characteristic
and orientability.
2. Maps and their diagonals
Let n be a positive integer, and F a set of cardinality 4n, the elements of which
we call 1ags. Let ;  be Kxed-point free involutions of the set F, such that  = ,
and such that the involution =  is likewise Kxed-point free. Let  be a Kxed-point
free involution of F such that the group 〈; ; 〉 is transitive on F. The structure
M = (F; ; ; ) we call a map. The map M (F; ; ; ) we call the dual map M∗.
We write products of permutations from left to right, that is,  means ‘ operates,
then ’.
Proposition 1 (Lemma of twin orbits, Tutte [9]). Given two 4xed-point free involu-
tions ;  on the same set, if (a1; : : : ; ak) is an orbit of the product , and if bi=ai
for all i, then (bk ; : : : ; b1) is a (distinct) orbit of .
Proof: Since
bi+1= ai+1= bi;
it follows that (bk ; : : : ; b1) is an orbit of . If ai = bj for some i; j with i6j, then,
operating on this equation alternately by  and , we have
(ai = bj)⇒ (bi = aj)⇒ (ai+1 = bj−1)⇒ · · · ⇒{
aq = bq if i + j is even and q=
i+j
2 ;
bq = aq+1 if i + j is odd and q=
i+j−1
2 :
So  has a Kxed point if i + j is even,  has a Kxed point if i + j is odd.
Apply this proposition to the products = , = , = , and = . Pairs of
twin orbits of these permutations of F we call, respectively, the patches, faces, ver-
tices, and diagonals of the map; they make up the sets A1; A2; A0; D, with cardinalities
n; f; v; d, respectively, and A1=P. There are exactly n patches, orbits of the Klein group
{#; ; ; }, each containing four distinct Rags. Here, # denotes the identity permutation
on F. Two objects of distinct types (patches, faces, vertices, or diagonals) are said
to be incident if and only if they share a Rag. To each patch p we associate an edge
e (p), linking the two (not necessarily distinct) vertices incident with p, and a coedge
e∗(p) linking the two (not necessarily distinct) faces incident with p. We thus obtain
a pair of associated graphs G=G(A0; A1) and G∗=G(A2; A1), the edges of which are
the patches, and the vertices of which are the vertices and faces, respectively, of the
map. Because we are interested in maps arising from double occurrence words, we
shall consider only maps that are diagonally connected, that is, for which there is only
one diagonal, consisting of a single orbit of = , of 2n Rags, say (x1; : : : ; x2n), and
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its twin (x2n; : : : ; x1). The incident patches (p1; : : : ; p2n) form a double occurrence
word on P, which we denote by (M). Note that (M∗) = (M). As will be clear
in what follows, the diagonal is a lacet generalizing the Petrie polygon of a polytope
and the ‘left–right path’ of a plane graph [5].
Proposition 2. For any patch p in a map (F; ; ; ), any 1ag x of p is co-orbital
under  with x, or x, but not both.
Proof: Since  is a Kxed-point free involutions, (x; x) and (x; x) are distinct orbits
of . Since  is also a Kxed-point free involution, each orbit of  =  will contain
exactly one of the Rags x; x. Since the map is diagonally connected, each orbit of 
will also contain exactly one of the Rags (x; x).
It follows that every patch p in a diagonally connected map M (F; ; ; ) is of one
of two classes:
p ∈ K : every Rag x of p is co-orbital under  with x, or
p ∈ L: every Rag x of p is co-orbital under  with x.
For the dual map M∗ of M , the roles of K and L are interchanged.
We call a pair (; (K; L)), consisting of a double occurrence word  on an alphabet
P and the bipartition (K; L) of the set P, a combinatorial lacet. In particular, we call
the pair (; (K; L)) constructed from a diagonally connected map M , the combinatorial
lacet of the map M . In speaking of a ‘bipartition’, we admit the possibility that one
of these subsets K; L may be empty.
Consider the map M (F; ; ; ) determined by three Kxed-point free involutions, with
: (ab) (cd) (ef) (gh) (ij) (kl)
: (ad) (bc) (eh) (fg) (il) (jk)
: (ac) (bd) (eg) (fh) (ik) (jl)
: (al) (bj) (ce) (df) (gi) (hk)
: (ajgk) (lhib) (cf) (ed)
: (afi) (lgd) (bek) (jhc)
: (aeihdj) (lbfkgc)
This is diagonally connected because  has a single pair of orbits. Number the patches
{abcd} = 1; {efgh} = 2; {ijkl} = 3. The corresponding combinatorial lacet then has
double occurrence word (123213), with K=3, L=12. Since there are two vertices, three
patches, and two faces, the map is drawn on a manifold with Euler characteristic equal
to 1, a projective plane. In Fig. 2 we represent the patches as squares, the individual
Rags as triangles therein, delimited by edges and coedges represented by diagonals
of the squares. The diagonal of the map is represented by a closed-curve traversing
each patch twice, from side to side, and splitting each Rag into two smaller triangular
regions. The Krst few gluings between patches are shown by adjacency, the rest as
best we can. Note that all the outer boundary edges of the three patches in Fig. 2 are
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Fig. 2. A diagonally connected map with three patches, two vertices and two faces.
identiKed in pairs by  in such a way that vertices are glued to vertices, faces to faces,
with a twist if necessary, as when h is glued to k, or b to j.
Proposition 3. Combinatorial lacets are in bijective correspondence with diagonally
connected maps.
Proof: Proposition 2 and the above discussion derive a combinatorial lacet from each
diagonally connected map. Conversely, given a combinatorial lacet (; (K; L)) on an
n-element set P, the elements of which we shall call patches, we create a 4n-element
set F of 1ags containing four Rags for each patch p: a Krst Rag #p, and three others,
p; p; p, which we take to be the images of #p under three as yet only partially
deKned operators ; ; . If we set
2 = 2 = # and = = ;
the set of operators {#; ; ; } has a well-deKned Klein group action on the set F of
Rags. Let  be the double occurrence word (p1; : : : ; p2n). Let Z be the set 1; : : : ; 2n
of indices, partitioned Z = (Z1 ∪ ZK ∪ ZL), as follows. Let Z1 be the set of indices i
for which pi is the Krst appearance of a patch, ZK and ZL the sets of indices i for
which pi is the second occurrence of a patch in K or in L, respectively. We deKne a
permutation  on F as follows. Let i; j= i+1 be two consecutive indices (in circular
order), with patches p= pi, q= pj. The image under  of
#p if i ∈ Z1
p if i ∈ ZK
p if i ∈ ZL
is equal to
#q if j ∈ Z1;
q if j ∈ ZK ;
q if j ∈ ZL;
while the image of
q if j ∈ Z1
q if j ∈ ZK
q if j ∈ ZL
is equal to
p if i ∈ Z1;
p if i ∈ ZK ;
p if i ∈ ZL:
For instance, if i ∈ ZK ; j ∈ ZL, then p → q, while q → p. The displayed deKnition
gives a value x for every Rag x on any patch, and produces a single pair of twin
H. Crapo, P. Rosenstiehl / Discrete Mathematics 233 (2001) 299–320 305
Fig. 3. The map for the combinatorial lacet  = (12134234); (K; L) = (134; 2).
orbits, since it is deKned by a combinatorial lacet. The permutation  deKned by =
is a Kxed-point free involution because the image under  of
p if i ∈ Z1
p if i ∈ ZK
p if i ∈ ZL
is equal to
#q if j ∈ Z1;
q if j ∈ ZK ;
q if j ∈ ZL;
while the image of
#q if j ∈ Z1
q if j ∈ ZK
q if j ∈ ZL
is equal to
p if i ∈ Z1;
p if i ∈ ZK ;
p if i ∈ ZL:
Since the orbits of  follow the double occurrence word , and since #p is co-orbital
in  with p if and only if p ∈ K , the above construction is a bijection between
combinatorial lacets and diagonally connected combinatorial maps.
For any combinatorial lacet (; (K; L)), we denote the corresponding mapM (; (K; L)).
The example in Fig. 3 may be helpful in following the proof of Proposition 3. Here,
the double occurrence word  = (12134234), with K = 134; L = 2, gives rise to a
non-orientable map with Euler characteristic equal to 0, that is, on the Klein bottle.
The corresponding permutation  has twin orbits
(#1 #2 1 #3 #4 2 3 4) (4 3 2 4 3 1 2 1);
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while  is the Kxed-point free involutions
(#1 4) (1 2) (1 #3) (1 #2) (2 3) (2 4) (3 4) (3 #4);
giving rise to the combinatorial map M (; (K; L)) and its dual, whose patches and
common diagonal are drawn in Fig. 3.
3. From combinatorial to topological lacet
Let (; (K; L)) be a combinatorial lacet on a set P of patches with corresponding
map M (F; ; ; ). We now describe the construction of a corresponding lacet, that is,
a 2-manifold V with oriented closed curve L, self-intersecting with a pattern given by
the double occurrence word , and such that the complement V\L is a two-colorable
family of discs. Recall the deKnition (Section 1) of crossings of ‘type K’ and ‘type L’
for a lacet. Since, in constructing a map from a combinatorial lacet, we have already
done most of the work necessary to construct a lacet (topological), we now begin by
showing that every map with connected diagonal determines a lacet.
Proposition 4. Pairs of dual maps, diagonally connected, are in bijective correspon-
dence with lacets on manifolds. Euler characteristic and orientability are preserved.
Proof: Given a diagonally connected map M=M (F; ; ; ), and patch set P, associate
to each patch p ∈ P a closed topological disc, which we call a P-disc. We ‘decorate’
each such disc as a ‘square’ in Fig. 3, separating it into four triangles, one for each
of its Rags x; x; x; x, and traversed by segments representing an edge, a coedge, and
two intersecting segments of the diagonal, splitting each Rag into two smaller triangular
regions. The corners of the topological disc are formed by Rags x; x, or by Rags x; x
— say these corners are of types V and F , respectively. The permutation  identiKes
the boundary segments of the patches in pairs. The four Rags, say x; x; x; x of a
patch are thus ‘glued’ by  to the Rags x; x; x; x, respectively, as in Fig. 4. (The
four surrounding patches are not necessarily distinct.)
The requirement that corners of type V are identiKed, as are corners of type F ,
supplies the necessary relative orientation of the boundary segments being identiKed.
We thus have a well-deKned two-dimensional manifold with zero boundary, as in [8].
The diagonal of the map M is represented by the union of the two intersecting (hor-
izontal, vertical) segments drawn on the individual squares. These segments separate
each Rag into two half-1ags, each such being a triangular region with corners of three
types: a midpoint of a boundary segment of a patch, the center of a patch, and a
corner, either of type V or of type F . Every point on the manifold is either
• a point in the interior of a half-Rag, or
• a point in the interior of some boundary: on a half edge, a half coedge, on an
identiKed pair of half boundary segments of the P-discs, or on a piece of the
diagonal, or
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Fig. 4. The neighborhood of a patch.
• a point in several closed half-Rags: the center of a patch, the point of identiKcation
of corners of type V or of type F , or the midpoint of the boundary segments of
two adjacent patches, where four half-Rags meet.
We now show that the diagonal is a lacet; that is, that the complement of the diagonal
on the manifold is a two-colorable family of discs. Consider the family C of closed
half-Rags, glued together by  along half-edges, by  along half coedges, and by 
along half boundary segments of patches. Each connected component of C is a simple
cycle of triangles, glued edge to edge, and sharing a common apex, thus forming a
topological disc, which we call a C-disc. The common apex is either of type V , in
which case the associated (full) Rags are those in a pair of orbits of  making up a
vertex, or it is of type F , and the associated Rags form a face. The boundary of each
C-disc is composed entirely of points on the diagonal, so interiors of the C-discs are
precisely the connected components of the complement V\L. This set of components
is two-colorable on V because every diagonal segment is the common boundary of
a C-disc of type V with a C-disc of type F . The map M and the lacet L have a
common value of Euler characteristic, n− 2n+ (v+ f) = v− n+ f.
Conversely, given a lacetL with set of crossings P, with |P|=n and with two-colored
complement on a manifold, say with colors V and F , choose on the interior of each
of the 2n arcs joining two successive crossings in L a medial point. We deKne a
combinatorial lacet as follows. Let the set F of Rags be the set of 4n half-arcs, as
separated by the medial points. On F we deKne a Klein group as above: two half-arcs
adjacent at a crossing and bounding a region of color V (resp. F) are paired in the
involution  (resp. ). Set  = , pairing the half arcs of the lacet at each crossing.
DeKne  to be the involution pairing the two halves of each arc. Since the subgroup
〈; 〉 acts transitively on the set of open half-arcs of the lacet L, the subgroup 〈; ; 〉
acts transitively on F. So M (F; ; ; ) is a map. The vertices and faces of M are,
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Fig. 5. Reentries of a lacet at patch 1, for types K and L.
respectively, the boundary of discs of L of colors V and F . The equality of Euler
characteristics follows.
Corollary 5. To any combinatorial lacet (; (K; L)) on a set P there corresponds a
manifold V and a lacet L thereon, with crossing sequence  and such that the
crossings of type K in L form exactly the subset K ⊆P.
Proof: This is the composite of the bijections established in Propositions 3 and 4.
The bipartition (K; L) of the patches establishes the distinction between two types of
reentry to a patch, as shown in Fig. 5. Thus, we have:
Proposition 6. A diagonally connected map M (F; ; ; ); as manifold, is orientable
if and only if every patch is even in the double occurrence word (M).
Proof: Any reentry at a given patch p, such as those shown in Fig. 5, where there are
an odd number of patches between the two appearances of p, requires a twist in order
to match the corner of type V with that of type V , and the resulting manifold will
be non-orientable. If, at each identiKcation, there are an even number of intermediate
patches, the Knal manifold (with zero boundary) will be two-sided. There are an even
number of intermediate patches between two occurrences of a patch p if and only if
p is even, all patches not interlaced with p occurring either twice or not at all in such
an interval.
This proof can equally well be given by showing that the Rags can be consistently
oriented counter-clockwise or clockwise, alternating under the actions of the permuta-
tions ; , and , if and only if every patch is even.
As an example, consider the lacet in Fig. 6, with
= (12312434); K = {3} and L= {124};
where we Knd the formation of a single vertex s, and of three faces A; B; C, on four
patches. Thus, . = 1 − 4 + 3 = 0. Patches 3 and 4 are odd, so the manifold is not
orientable, thus the Klein bottle.
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Fig. 6. A lacet on the Klein bottle, with  = (12312434).
4. Homology of diagonally connected combinatorial maps
The following homology calculations are to be carried out over the two-element Keld
GF2 = {0; 1}. Let 〈A0〉; 〈A1〉; 〈A2〉 be the GF2-vector spaces freely generated by the set
A0 of vertices, A1 of patches, and A2 of faces, respectively, of a map M (F; ; ; ). We
Knd it convenient to take these vector spaces to be families of subsets, with addition +
deKned as symmetric diTerence, and scalar multiplication deKned by 1A=A and 0A=∅.
We deKne incidence matrices Inc(2;1) and Inc(1;0) by setting
Inc(2;1)yp = 1⇔ face y and patch p share exactly one pair of Rags;
Inc(1;0)py = 1⇔ patch p and vertex y share exactly one pair of Rags:
Construct the complex S, with boundary operators @i given by the incidence matrices
Inc(2;1) and Inc(1;0),
〈A2〉 @2→〈A1〉 @1→〈A0〉;
and the dual cocomplex S∗, with coboundary operators i given by the transposes of
those incidence matrices,
〈A0〉 0→〈A1〉 1→〈A2〉:
DeKne
F = Im(@2); the space of boundaries;
C = Ker(@1); the space of cycles;
V = Im(0); the space of coboundaries;
C∗ = Ker(1); the space of cocycles;
these being subspaces of the vector space A1 of sets of patches. By transitivity of
the group action 〈; ; 〉, that is by connectivity of the graph G =G(A0; A1) and dual
graph G∗ = G(A2; A1), the space V has rank v − 1, being generated by coboundaries
of vertices, while the space F has rank f− 1, being generated by boundaries of faces.
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Vectors of C∩C∗ are called bicycles; the subspace V∩F is considered in Proposition 7.
For any linear transformation  of GF2-vector spaces,
Ker tr = (Im )⊥:
Since @tr1 = 0 and @
tr
2 = 1, we have C
⊥ = V and C∗⊥ = F .
Proposition 7 (Lins et al. [3]). If the diagonal of a map is connected, then the inter-
section V ∩ F is the zero subspace.
Proof: Let (x1; : : : ; x2n) be one orbit of the connected diagonal permutation . Let
vi; pi; fi be the vertex, patch (with its edge and coedge), and face, respectively, incident
to the Rag xi. Assume that V ∩ F = {0}. Then there are subsets A⊆A0; B⊆A2 and a
nonempty subset X ⊆P such that
X = 0A= @2B:
Without loss of generality, p1 ∈ X . Since 0A = 0(A0\A) and @2B = @2(A2\B), we
may also assume without loss of generality that v1 ∈ A; f1 ∈ B. Since p1 ∈ X , we
have v2 ∈ A and f2 ∈ B.
For any index i such that pi ∈ X ,
(vi ∈ A⇔ vi+1 ∈ A) and (fi ∈ B⇔ fi+1 ∈ B);
while for pi ∈ X ,
(vi ∈ A⇔ vi+1 ∈ A) and (fi ∈ B⇔ fi+1 ∈ B):
Consequently, the truth values of the statements ‘vi ∈ A’ and ‘fi ∈ B’ remain un-
changed, or change together, in the passage from i to i + 1. They either always have
the same truth value or never have the same truth value. The former is the case, since
v1 ∈ A and f1 ∈ B. We have vi ∈ A⇔ fi ∈ B for all i. Since v1 ∈ A and f2 ∈ B, no
Rag xi can be equal to x1. Since v2 ∈ A; f1 ∈ B, no xi can be equal to x1. Thus, the
given orbit of the diagonal does not return to patch p1, and is disconnected.
The space C∗ =Ker(1) has rank n− (f− 1), while V = Im(0) has rank v− 1, so
the cohomology group H 1 =C∗=V has rank n− (f− 1)− (v− 1)=2− .. The quotient
space H1 = C=F has rank n− (v− 1)− (f − 1) = 2− .. We call  = 2− . the Betti
number of the map. For a planar map,  = 0; C∗ = V , and C = F .
Proposition 8. For a diagonally connected map, the rank of the bicycle space C∩C∗
is equal to .
Proof: For a diagonally connected map, V ∧F={0} by Proposition 7, so we conclude
that
r(C ∧ C∗) = r(V⊥ ∧ F⊥) = n− r(V ∨ F)
= n− r(V )− r(F) + r(V ∧ F) = n− (v− 1)− (f − 1)
= 2− . = ;
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Fig. 7. Formation of principal cycles and cocycles at reentry.
where ∨ and ∧ denote the operations sum and intersection, respectively, of sub-
spaces.
5. The transformations k and l
For every patch p of a map M (; (K; L)); deKne the vectors
kp =
{
p+Op for p ∈ K;
Op for p ∈ L; lp =
{
Op for p ∈ K;
p+Op for p ∈ L;
which we call the principal cycle of the patch p and the principal cocycle of p,
respectively.
Proposition 9. For any patch p in a map M (; (K; L)); kp is a cycle, lp is a cocycle.
Proof: Along an orbit (x1; : : : ; x2n) of the diagonal, successive incident vertices vi; vi+1
are adjacent across the edge of the patch pi, and successive incident faces fi; fi+1
are adjacent across the coedge of the patch (see Fig. 7). For any patch p ∈ K with
occurrences p = pi = pj with i = j in the double occurrence word , the incident
vertices satisfy
vi = vj and vi+1 = vj+1;
so
∑j−1
t=i pt has even incidence with every vertex, and is a cycle, since V
⊥ =C. But
j−1∑
t=i
pt = p+Op= kp
because patches q not enlaced with p occur either twice or not at all in the interval
pi+1; : : : ; pj−1. Also, since p ∈ K ,
fi = fj+1 and fi+1 = fj;
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so
j−1∑
t=i+1
pt =Op= lp
has even incidence with every face, and is a cocycle, since F⊥ = C∗. On the other
hand, if the patch p is in L,
vi = vj+1 and vi+1 = vj; while fi = fj and fi+1 = fj+1;
so
j−1∑
t=i+1
pt =Op= kp
is a cycle, while
j−1∑
t=i
pt = p+Op= lp
is a cocycle.
Fix a total order p1; : : : ; pn of the patches in P. Take the characteristic vectors of
single elements p ∈ P as standard basis for the space P. We denote by  the adjacency
matrix of the enlacement graph (). We deKne the principal cycle transformation k
by its action k :p → kp on basis elements, and the principal cocycle transformation l
by l :p→ lp. The matrices of k and l relative to the standard basis are symmetric, due
to the symmetry of the enlacement relation, and have rows p equal to the principal
cycle kp and principal cocycle lp, respectively, for all p. Denoting these matrices also
by k and l, we have
k = + K and l= + L;
where K and L are diagonal matrices with diagonals equal to the characteristic vectors
of K and L, respectively. Then k + l= #.
The product of symmetric matrices is not necessarily symmetric. Nevertheless, we
have
Proposition 10. Let P be a GF2-vector space. Assume k; l are linear transformations
from P → P such that k + l= #. Then kl= lk; and Im kl= Im k ∩ Im l. Furthermore;
if B is a basis for P; and the matrices of k and l relative to B are symmetric; then
the matrix of the product kl is symmetric.
Proof: For commutativity,
kl= (l+ #)l= l2 + l= l(l+ #) = lk:
Since Im kl⊆ Im l and Im lk ⊆ Im k, it follows that Im kl⊆ Im k∩Im l. Say x ∈ Im k∩
Im l. Then x = yk = zl for some vectors y; z in V . Then
(y + z)kl= (x + zk)l= (x + z + zl)l= zl= x;
so x ∈ Im kl. If k is symmetric, so are k2 and k + k2 = k(#+ k) = kl.
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We consider now a combinatorial lacet (; (K; L)) with its transformations k; l as
deKned in the beginning of Section 5, and its map M (; (K; L)) with cycle space C
and cocycle space C∗ as deKned in Section 4.
Proposition 11. Im (k) = C; Im (l) = C∗:
Proof: Since the image kp of any standard basis vector p = (0 · · · 1 · · · 0) is a cycle,
it suPces to prove that Im (k)⊇C, that is, (Im (k))⊥⊆C⊥. The second equality will
follow by duality. Assume a vector Q in A1 is in (Im (k))⊥. We bipartition the set F
of Rags as follows. Let !=(x1; : : : ; x2n) be one orbit of the diagonal. Place successive
Rags xi; xi+1 in distinct classes if and only if the patch pi incident with xi is in the
set Q. This assignment is consistent with the circular order, because each patch p ∈ Q
occurs twice in the orbit !. Complete the bipartition of F by assigning xi  to the
same class as xi, for all i. Since = , a pair of Rags x; x are in distinct classes if
and only if their patch is in the set Q.
For any Rag x on a patch p ∈ Q, the cycle kp contains an even number of patches
in Q. Since x; x are in the same class, so are x and x (if p ∈ K) or x and x (if
p ∈ L). The Rags x and x are in the same class, since p ∈ Q, so all Rags on patch
p are in the same class.
For any Rag x on a patch p ∈ Q; x and x are together in a class distinct
from that of x. If p ∈ K , then there are an odd number of patches in kp ∩ Q
and distinct from p, so x and x are in distinct classes, x and x in the same
class. If p ∈ L, there are an even number of patches in kp ∩ Q, all distinct from
p, so x and x are in the same class, while x and x are together in the other
class.
In any event, x and x are in the same class, as are x and x by construction. The
bipartition of the set F thus induces a bipartition of the vertex set such that adjacent
vertices are in distinct classes if and only if their patch (or patches) are in Q. We
conclude that Q is a coboundary, that is, Q ∈ C⊥.
Theorem 12. For any combinatorial lacet (; (K; L)); the rank r(kl) of the transfor-
mation kl= lk is equal to the Betti number = 2− . of the corresponding manifold
M (; (K; L)). The product kl can be written in the form
kl= 2 + + KL;
where
2ii = 1 i= the patch i is odd;
2ij = 1 i= the pair ij is odd;
KLij = 1 i= ij = 1 and i; j are in the di=erent parts of (K; L):
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Proof: The product kl is equal to 2 + K  + L since K L = 0, the sets K and L
being disjoint. Since ii = 0,
2ii =
∑
j
ijji =
∑
j
ij
is equal to 1 if and only if the patch i is odd. Similarly,
2ij =
∑
k
ikkj =
∑
k
ikjk
is equal to 1 if and only if the pair ij is odd. The matrices K  and L are obtained
from  by setting to zero all rows in L and all columns in K , respectively. The sum
K + L is thus 0 + 0 in places indexed by L× K , is zero by cancellation in places
indexed by K × L, and agrees with  in places K × K + L× L. Thus,
+ K + L= KL;
while
kl= 2 + K + L= 2 + + KL:
The matrix KL deKned in the statement of Theorem 12 is the adjacency matrix of
the partial subgraph of () with edge set equal to 0K = 0L. We refer to such a
matrix as a coboundary matrix of (). It is a simple matter to test whether a given
symmetric n× n matrix is a coboundary matrix of a given graph. It is upon such tests
that we shall base our characterizations of lacet-realizability on speciKed manifolds.
6. Representability of double occurrence words
Say we have a double occurrence word  on an n-element alphabet P, and we
wish to represent it as the crossing sequence of a lacet on a two-dimensional manifold.
Bear in mind that by our deKnition, the complement of any lacet is 2-colorable, and, by
Proposition 6, if any letter in P has odd enlacement in , the manifold is non-orientable.
On the other hand, the free choice of a bipartition (K; L) of P gives us considerable
latitude for a choice of Euler characteristic ., or equivalently, of Betti number .
Modifying the choice of the bipartition (K; L) does not introduce or eliminate a ‘twist’
in the identiKcation of patch boundaries.
The theorem for planar representability [6] becomes
Theorem 13. A double occurrence words  on an alphabet P is representable by a
lacet in the Euclidean plane if and only if 2 +  is a coboundary matrix of ().
Proof: For kl to be of rank 0, we must have, by Theorem 11,
0 = kl= 2 + + KL; or; equivalently; 2 + = KL;
the latter being a coboundary matrix for (), relative to some choice of bipartition
(K; L).
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For instance, the double occurrence words (13243142) is representable by a lacet in
the Euclidean plane. Since the matrix 2 is zero, we must Knd a bipartition (K; L) of
the set {1; 2; 3; 4} such that =KL, that is, so that every edge of the enlacement graph
() has one vertex in K , the other in L. This is possible, since () is bipartite, but
only by using the bipartition (13,24).
Corollary 14. If; in a double occurrence words ; every letter is even and every pair
of letters is even; then  is lacet-representable in the Euclidean plane if and only if
its enlacement graph is bipartite.
Proof: Under these hypotheses, 2 = 0, so  is lacet representable with  = 0 if and
only if there is a bipartition (K; L) of the alphabet P such that =KL, that is, if and
only if the enlacement graph is bipartite.
We now turn to the characterization of double occurrence words representable by
lacets in manifolds with ¿ 0.
For any n-vector a over GF2, let a⊗ a be its tensor square, the n× n matrix with
entries (a⊗a)ij=aiaj. This matrix a⊗a is the incidence matrix of the complete graph
on vertex set a, with an added loop at every vertex. Symmetric matrices of small rank
over GF2 have highly restricted form, expressible in terms of tensor squares, so we
will be able quickly to draw some general conclusions about representation by lacets
in manifolds with  = 1 or 2.
Proposition 15. Every symmetric n × n matrix S over GF2 is expressible as a sum
of tensor squares
S = a⊗ a+ b⊗ b+ · · ·+ d⊗ d
for some set of k or fewer vectors a; b; : : : ; d in the row space (and thus in the column
space) of S; where k is the integer part of 32n. The diagonal diag S is equal to the
corresponding vector sum a+ b+ · · ·+ d.
Proof: True for n=1. We construct a proof by induction on n′, the number of non-zero
rows of S. If n′¡n, construct a smaller matrix S ′ by eliminating the zero rows and
corresponding zero columns of S, and use the induction hypothesis to obtain an ex-
pression for S ′ as the sum of at most 32n
′ tensor squares. Otherwise, if S has a row
vector si with diagonal entry sii = 1, then S + si ⊗ si is a matrix with ith row zero, so
by the induction hypothesis we can Knd an expression for S as the sum of no more
that 1 + 32 (n − 1)6 32 (n) tensor squares. If the diagonal of S is zero, but there is an
oT-diagonal entry sij = 1, then
S + si ⊗ si + sj ⊗ sj + (si + sj)⊗ (si + sj)
has rows i and j both equal to zero. By the induction hypothesis we can write S as
the sum of no more than 3 + 32 (n − 2)6 32 (n) tensor squares. Finally, if the diagonal
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is zero and there are no oT-diagonal entries equal to 1, the matrix itself is zero, and
is expressible as an empty sum of tensor squares.
If
S = a⊗ a+ b⊗ b+ · · ·+ d⊗ d;
then
Sii = (a⊗ a)ii + (b⊗ b)ii + · · ·+ (d⊗ d)ii
= a2i + b
2
i + · · ·+ d2i = ai + bi + · · ·+ di;
so diag S = a+ b+ · · ·+ d.
Corollary 16. A symmetric n × n matrix S over GF2 has rank 1 if and only if it
is the tensor square a ⊗ a of some non-zero vector a; in which case it has diagonal
vector diag S equal to a.
Proof: There is only one non-zero vector in the row space of a rank 1 matrix over
GF2.
For any double occurrence word  on an alphabet P, let odd denote the charac-
teristic vector of the set of letters in P with odd enlacement in . Call this vector the
oddity of . Note that odd= diag (2).
The theorem for representability on the projective plane [3] becomes
Theorem 17. Let  be a double occurrence words on an alphabet P. Then  is
representable by a lacet on the projective plane if and only if odd = 0; and; setting
a= odd;
2 + + a⊗ a
is a coboundary matrix of ().
Proof: Under the hypothesis that  is representable in the projective plane, Theorem
12 establishes that 2 +  + KL is of rank 1. By Corollary 16, this sum is equal to
a ⊗ a for some non-zero vector a, and has diagonal a. Since diagKL = diag = 0,
diag2 = odd. So 2 + + a⊗ a= KL.
Proposition 18. If S is a symmetric n× n matrix of rank 2 over GF2; then there are
distinct n-vectors a and b; say with sum c = a+ b; such that either diag S = 0, and
S = a⊗ a+ b⊗ b+ c ⊗ c;
or diag S = c, and
S = a⊗ a+ b⊗ b:
Proof: In the row space of a matrix of rank 2 over GF2 there are exactly four vectors:
the zero vector, two distinct non-zero vectors, which we take to be a and b, and their
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sum, which we call c. We choose a and b to be distinct from diag S. By Proposition 17,
S is expressible as the sum of some subset of the set
{a⊗ a; b⊗ b; c ⊗ c}
of tensor squares. The only such sum that has diagonal zero is a⊗ a+ b⊗ b+ c⊗ c.
If S has non-zero diagonal distinct from a and b, thus equal to c, S is expressible as
the sum a⊗ a+ b⊗ b (the only sum having diagonal equal to c).
Theorem 19. Let  be a double occurrence word on an alphabet P. Then  is rep-
resentable by a lacet on the torus ( = 2) if and only if all letters in P have even
enlacement; and there exist distinct non-zero vectors a and b (say with sum c=a+b)
such that
2 + + a⊗ a+ b⊗ b+ c ⊗ c
is a coboundary matrix of the graph ().
Proof: Under the hypothesis that  is representable in the torus, Theorem 12 establishes
that 2++KL is of rank 2. By Proposition 18, this sum is equal to a⊗a+b⊗b+c⊗c
for distinct non-zero vectors a and b, with sum c = a+ b. Thus,
2 + + a⊗ a+ b⊗ b+ c ⊗ c = KL:
Theorem 20. Let  be a double occurrence word on an alphabet P. Then  is rep-
resentable by a lacet on the Klein bottle ( = 2) if and only if there is at least one
letter in P having odd enlacement; and there exist distinct non-zero vectors a and b
with sum equal to odd; such that
2 + + a⊗ a+ b⊗ b
is a coboundary matrix for the graph ().
Proof: As for Theorem 19.
Consider the double occurrence word  = (12312434). Since odd = 34 is not
zero,  is only lacet-representable on non-orientable manifolds. To see whether it is
representable on the Klein bottle, we construct graphs with incidence matrices ; 2,
and  + 2, as in Fig. 8. In order to cancel the diagonal entries in  + 2 (loops in
that graph) we must Knd a pair characteristic vectors a; b of subsets of 1234 whose
symmetric diTerence is 34. Since 14 and 24 are not edges in , we must make sure
that each of these pairs occurs together in a or in b, but not in their intersection. There
are just two possibilities:
(a; b) =
{
(1234; 12) or
(123; 124);
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Fig. 8. Finding representations of  = (12312434) on the Klein bottle.
Fig. 9. The enlacement graph for  = (123142536456).
yielding
+ 2 + a⊗ a+ b⊗ b=
{
(12) or
(3) respectively:
Proposition 21. A double occurrence word  on an n-element alphabet P is repre-
sentable by a lacet on a manifold with a given Betti number  only for values of 
in some subset of the interval [0; : : : ; n].
Proof: By Theorem 12,  is the rank of an n× n matrix.
We call the set of integers h such that  is lacet-representable in a manifold with
 = h the homology spectrum of the double occurrence word , denoted spec.
We have recently proved (publication to follow) that if odd = 0 for a double
occurrence word  on a set P of n letters, then spec is a sequence of consecutive
even integers in the interval [0; : : : ; n]. If odd = 0, it seemed reasonable to expect that
spec would be a sub-interval of [0; : : : ; n]. This is false, by the following example.
Let  be the double occurrence word (123142536456). The enlacement graph ()
is shown in Fig. 9 Since odd = 25, the word  is lacet-representable only on
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non-orientable manifolds. This word  is lacet-representable in the Klein bottle (=2)
and on other non-orientable manifolds with  = 4; 5; 6, as follows:
 = 2 by setting K = 135; L= 246;
 = 4 by setting K = 1235; L= 46;
 = 5 by setting K = 12345; L= 6;
 = 6 by setting K = 123456; L= ∅;
but for no other values of . This word  is not lacet-representable in a manifold with
 = 3, so spec is not a sub-interval of [1; : : : ; 6]. For this example, the bipartition
(135; 246) is the unique choice for  = 2. The corresponding matrix
kl=
0 1 0 0 1 0
1 1 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 1 1
0 1 0 0 1 0
;
has rank 2, and is expressible as a⊗ a+ b⊗ b for a= 126; b= 156.
7. Remark: the state polynomial of a double occurrence word
Given the variation of  over bipartitions (K; L) of the alphabet P, for any Kxed
double occurrence word , it seems advisable, in subsequent work, to investigate the
state polynomial
=() =
∑
(K;L)
x|K|y|L|z;
where the sum is over all ordered bipartitions (K; L) of P, and =(; (K; L)). This is
an analogue of the KauTman state polynomial for a knot presentation, and may have
interesting connections with the Vassiliev invariants for  (see [1]).
Acknowledgements
We wish to thank Robert Cori, Antonio Mach@U, and Alexandre Zvonkine for their
encouragement and helpful suggestions.
References
[1] J.S. Birman, On the combinatorics of Vassiliev invariants, in: Braid Group, Knot Theory, and Statistical
Mechanics II, World ScientiKc, Singapore, 1994.
[2] C.F. Gauss, Werke, Vol. VIII, Teubner, Leipzig, 1900, pp. 272, 282–286.
[3] S. Lins, B. Richter, H. Shank, The Gauss problem oT the plane, Aequationes Math. 33 (1987) 81–95.
320 H. Crapo, P. Rosenstiehl / Discrete Mathematics 233 (2001) 299–320
[4] L. Lovasz, M.L. Marx, A forbidden subgraph characterization of Gauss codes, Bull. Amer. Math. Soc.
82 (1976) 121–122.
[5] P. Rosenstiehl, Bicycles et diagonales des graphes planaires, Colloque sur la th@eorie des graphes, Paris,
9–10 Mai 1974, republished in Cahiers, Centre Etudes Rech. Oper. 17 (1975) 365–383.
[6] P. Rosenstiehl, Solution alg@ebrique du problAeme de Gauss sur la permutation des points d’intersection
d’une ou plusieurs courbes ferm@ees du plan, C.R. Acad. Sci. Paris, S@er A 283 (1976) 551–553.
[7] P. Rosenstiehl, A new proof of the Gauss interlace conjecture, Adv. Appl. Math. 23 (1999) 3–13.
[8] H. Seifert, W. Threlfall, A Textbook of Topology, Academic Press, New York, 1980.
[9] W.T. Tutte, Graph Theory, Encyclopedia of Mathematics and its Applications, Addison-Wesley, Reading,
MA, 1984.
